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ABSTRACT 
Characterizations are given of those Frechet spaces E such that every compact subset of E lies in the 
range of an E-valued measure of bounded variation, respectively in the range of a measure of 
bounded variation with values in a superspace of E. Extending results for Banach spaces due to 
Pifieiro and Rodriguez-Piazza, we prove that this property characterizes nuclear spaces, respec- 
tively hilbertizable spaces, in the framework of Frechet spaces. 
1. INTRODUCTION AND NOTATIONS 
In [AD] Anantharaman and Diestel asked for a characterization of those Ba- 
nach spaces X such that every compact subset of X is contained in the range of 
an X-valued vector measure (resp. of bounded variation). A complete answer 
was given by Pirieiro and Rodriguez-Piazza in [PR], showing this last property 
characterizes finite dimensional Banach spaces. Later Pirieiro [P] proved that a 
Banach space is isomorphic to a Hilbert space if and only if every compact 
subset of X is contained in the range of a measure of bounded variation with 
values in a superspace of X. Motivated by the recent interest in Frechet space- 
valued vector measures (see e.g. [FNl], [FN2], [FNR], [Rl], [R2]), we in- 
vestigate the problem mentioned above in the wider context of measures with 
values in a Frechet space. Complete characterizations are obtained in our 
Theorems 2.6 and 2.7. Our results reprove (but do not use their proofs) Pifieiro 
and Rodriguez-Piazza’s results since normable Frechet nuclear spaces (resp. 
hilbertizable spaces) are exactly finite dimensional spaces (resp. Hilbert spaces). 
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New ingredients are required in the proof of our extensions: see in particular 
Propositions 2.4 and 2.5. 
Our general reference for Frechet spaces is [MV], for vector measures are 
[DU] and Kluvanek-Knowles, and for operators between Banach spaces is Dis- 
Jar-Ton. Other results on the range of vector measures with values in a general 
locally convex space can be seen in [KK]. 
We fix the notation here. A Frechet space-valued vector measure (shortly, a 
measure) p is a countably additive measure defined on a a-algebra C of subsets 
of some set 6’ and with values in a Frtchet space E. The range of p is denoted by 
rg(p) := {p(A) : A E C}. 
If (11.11,) is a fundamental system of seminorms of E, we denote by IpIn the 
n-variation of CL, that is, IpIn := IpI,( and, for A E C, 
: T is a C-partition of A E [0, OCI]. 
The measure p is said to be of bounded variation whenever I&(Q) is finite for 
all n E N. Throughout the paper when we use a fundamental system of semi- 
norms in a Frechet space we assume that it is an increasing system. Given two 
Frechet spaces E and F, we denote by E ? F the existence of a map J : E -+ F 
which is an isomorphism into. In other words, F is a superspace of E and J is 
the map which makes the ‘copy’. The symbol EL stands for the strong dual of E. 
2. RESULTS 
Our first lemma is an extension to Frechet spaces of [PR, Proposition 1.21. We 
need a version slightly different from [KK, p. 351; our approach is inspired by its 
proof. We only sketch the proof of this lemma. 
Lemma 1. For each k E N, let j& : & C P(f&) + E be a Frtchet space-valued 
vector measure of bounded variation such that, for all n E N, Ck lpkl,, < 00. Then 
there is a vector measure k pk : c C P( 0) -+ E of bounded variation, called the 
direct sum measure, such that 
6) rg($lh) = {$, xk : xk E rg(pk), for all k E N , 
(ii) I: 
Proof. Let 
% := {A x {k} : A E &} and ?$ := flk x {k}, k E N. 
Defining R := u&k, let C denote the o-algebra 
c := {A c 0 : A n ?$ E g, for all k E W}. 
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Then (Q, C) is a measurable space and each A E C can be expressed uniquely as 
A = c A(k) x {k}, A(k) E Ck. 
k=l 
Fix A E c. Since xk l,%kln < co, for all n E N, the series xk pk(A(k)) is abso- 
lutely convergent in E and we can define an E-valued measure @p! 1 pk : 
C+Eby 
Take a C-partition {At, . . . . A,} of L’ and fix n E N. Then 
Accordingly ek pk is of bounded variation and it satisfies statement (ii). The 
proof of the other statement is straightforward. Cl 
Corollary 2. Let (Ek) be a sequence of Frkchet spaces, and let n Ek be its count- 
able product. For each k E N, let pk : & C P(f&) ---t Ek be a FrPchet space-val- 
ued vector measure of bounded variation. Then there is a vector measure 
n,+k : c C P( 0) + n s!?k of b ounded variation, called theproduct measure, such 
that 
(9 % = {(xk) : xk E rg(pk), for all k E N}, 
and 
(ii) 1 { /Lx/ 5 5 IpilL for each n E N. 
k=l ,, i=l 
Before we proceed with the proof of the corollary we explain briefly the nota- 
tion used in statement (ii). Denote by (11.11:) a fundamental system of semi- 
norms in Ei. For x = (xk) E n Ek we define 
l141n := $I Ilxillt~ 
Clearly, (11~11,) . f d is a un amental system of seminorms in n Ek. The variation 
I& is defined with respect to the seminorm Il./If, on Ei, and the variation 
InkpkI, with respect to the seminorm Il.lln on n Ek. 
Proof of Corollary 2.2. We denote by Ji : Ei -+ E and IIi : E -+ Ei the canonical 
injection and projection, respectively, where E = nEk. We also define 
~7 := Jk o ,& : & --f E. To show that this Frechet space-valued measure is of 
bounded variation take A E .& and consider n E N with n 2 k. If {A I, . . . . A,} is 
a &-partition of A, then 
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j$ IIGX4)ll, = iI 5 llni O Jk O PkCAj)ll~ =,c, IlPk(Aj)Il~. 
j=li=l 
Therefore, for each n E N, 
Accordingly, for n E N fixed, 
E Ia = kc1 Ml < @a. 
k=l 
We can now apply Lemma 2.1 to obtain a vector measure ek jI$ : C 4 E with 
bounded variation such that 
ci)’ %($k E) = {c?=l xk E nEk : xk E l-g(E), for all k E N},and 
(ii)’ I & ,&& 5 Ck \,%I,, for each n E N. 
If we set nJ+k := $k E : c -+ l7Ek, then the statements (i) and (ii) follow 
easily from (i)’ and (ii)’ since rg($ = Jk(rg(pk)). Cl 
Let (~~~~~,) be a fundamental system of seminorms of a Frechet space E. We 
consider the classical Frechet space co(E) of all the null sequences in E en- 
dowed with the uniform topology r, generated by the seminorms 
x ++ 1141~ := sup{llx(i)(l, : i E N} (n E V, 
for each x = (x(i)) E co(E). The following lemma shows that in certain situa- 
tions the topology 7, can be described by means of measures of bounded var- 
iation. 
Lemma 3. Let E ? F be Frechet spaces. Assume thatfor every x = (x(i)) E co(E) 
theset {J(x(i)) : i E N} . 1s contained in the range of some F-valued vector measure 
of bounded variation (dependent on x in general). Then the formulae 
llxl1: : = inf{(& : {J(x(i)) : i E N} c rg(p), 
p F-valued of bounded variation} 
for each n E N, define a fundamental system of seminorms in co(E) which gen- 
erates a metrizable locally convex topology Tbv which is equivalent to roe. 
Proof. By assumption, the seminorms Il.llf: are well-defined. Let us comment 
briefly why they really are seminorms. They are trivially homogenous. To 
stablish the triangle inequality it is enough to consider the direct sum of two 
suitable measures. Finally, if IIxII~ = 0, f or all n E N, we have J(x(i)) = 0, for 
all i E N. Since J is injective, it follows that x = 0. 
Clearly, the sequence (11. [If’) f orms a fundamental system of seminorms in 
co(E) and consequently it defines a metrizable locally convex topology T&,. Fix 
n E N. Since J is an isomorphism into, there exist AI,, > 0 and r,, E N such that 
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llxlln 5 MMx>llrn for all x E E. 
Therefore, for all x = (x(i)) E co(E), 
This implies that Tbv is finer than TV. If we can show that the space [co(E), ?-bv] 
is complete, then the topologies TbU and 7oo coincide by the closed graph theo- 
rem for closed operators between Frtchet spaces. 
We take a Th-Cauchy sequence (x,,) in co(E). Since 7bv is finer than T,, the 
sequence (x,,) is r,-convergent to some x E co(E). In order to see that (x,) is 
also ?-b,-convergent to x, it is enough to extract a subsequence of (xn) which is 
7b,-convergent to x. To do this, take a subsequence (y,) C (x,) and C > 0 such 
that 
I]J++ 1 - ykl$Y’ < s, for all k E N. 
By the definition of the seminorm 
pk of bounded variation such that 
{J(yk+ 1 (i)> - J(yk(i)) : i 
For each n E N, 
Co n 
114iY~ we can also take an F-valued measure 
E N) c %(Pk), and l@kIk 5 ;- 
xl n cc 1 c kin 2 kF, hln + ,=T+, h/k 2 kz:, lbkln + ck=T+l + < 00. 
k=l 
By Lemma 2.1 the direct sum of the measures (pk)k>_,, for every I E N is also a 
measure of bounded variation. 
Fix i E N and I E N. Then 
.%(i) -y/(i)) = lip/(Yk(i)) - J(Yl(i)) 
= j=F+, (J(Yj+l(i)) - J(Yj(i)) E rg kT++I pk . ( ) 
Hence, for every I E N and n E N, 
Our next step is to prove that the hypothesis of the above proposition implies 
certain relation between the space C*(Fd) of all unconditionally convergent 
series in Fd and the space e’{_E~} of all absolutely convergent series in Ed. See 
[J, 15.7 and 16.51 for the necessary definitions. 
Proposition 4. Let E C! F be Fr&het spaces. Assume that for every x = (x(i)) E 
co(E) the set {J(x(i)) : i E N} is contained in the range of some F-valued vector 
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measure of bounded variation. Then for every (XL) E t’ (FL) we have (J/(x;)) E 
C’{E,}. 
Proof. If (xf) E et (I$‘), then we can apply [J, p. 3581 to conclude that 
is a bounded subset of FL. Since F is a Frtchet space, B is equicontinuous, and 
so there exist no and C > 0 such that \u(x)] 5 C(IxJI,, for every u E Band x E F. 
Define H : [co(E) , q,J -+ K by 
x = (x(i)) H H(x) := ngl (J(x(i)),x;). 
We first show that H is well defined. Fix x = (x(i)) E co(E) and E > 0. Then, 
there exists a measure p : C + F of bounded variation such that 
{Q(i)) : i E N} c e(p) and IPI~, I II-# + E. 
Fix m E N and choose At, . . ..A.,, E C with p(Ai) = J(x(i)). Consider the col- 
lection S consisting of the C-measurable sets 
~f1...f1~11...nA^,(where~denotesAior0\\i). 
We may write S = {Bl, . . . . B,}, where the Bi E C are pairwise disjoint and, for 
every i = 1, . . ..m. 
P(A) = 2 a(i,j)ABj), where cx(i,j) E (0, 1). 
j=l 
Hence, for some complex numbers ai, 1 5 i 5 m, satisfying Jai] = 1, we have 
Since m E N and E > 0 are arbitrary, we conclude that 
IH( 5 WI:;. 
This inequality shows that His well-defined, linear and continuous. By Lemma 
2.3, we have that T&, is equivalent to TV. Since [co(E), ~~1’ = CI{Eb}, we can 
find a sequence (z:) E f?,{Eb} such that, for every x = (x(i)) E co(E), 
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jg, wLJ’(4)) = jIEl VW)),xf) = H(x) = (x, (2;)) = g1 (x(i),z;>. 
This yields J/(x!) = z!, and hence (J/(x:)) E Cr {Ed}. ‘Cl 
To facilitate the understanding of the next result we recall some notation and 
facts about Frtchet spaces. Let E be a Frechet space with a fundamental system 
of increasing seminorms (II.II,) such that U, := {x E E : llxlln 5 1) (n E fW> 
form a basis of 0-neighbourhoods in E. Define 
]lx’lli := sup{](x’,x)I : x E Un}, where x’ E E’, 
and denote by En := {x’ E E’ : IIx’II~ < m}, the linear span of the polar set Ui 
endowed with the norm topology defined by the dual seminorm ]I.]]~. For each 
n E N, we write E, for the normed space canonically associated to the semi- 
norm [I.[/,, The Banach space En is isometrically isomorphic to the dual space 
of En. 
Proposition 5. Let E e F be Frtchet spaces. If every null sequence in E is con- 
tained in the range of some F-valued measure of bounded variation, then for each 
n E N there is an integer m > n such that the map x’++x’IE, from Fi into EL, is 
1 -summing. 
Proof. Fix n E N. Since the formal inclusion of Fi into Fi is continuous, the 
corresponding formal inclusion of e’ (F,‘) into 4! (FJ) is also continuous. It is 
well-known that the adjoint of the identity map id : E + F is the map 
x’ E F’ + id’@‘) = ~‘1~. 
By Proposition 2.4 the linear map @ : f’(Fd’> + @{Ed} given by 
(xi) H (&) 
is well-defined. It is trivial that @ has closed graph. On the other hand, since Ed 
is a complete (DF)-space, it has property (B) of Pietsch [PI, 1.5.51. Hence, 
L’{E,‘) = 6 !‘{E;}. 
k=l 
Denote by G the vector space [‘{Ed) but endowed with the locally convex in- 
ductive topology associated to the inclusions 
!‘{E;} c l’(E,I), (k E N). 
Obviously, the inclusion I of G into ei { Eb} is continuous. Since I o @has closed 
graph, @ (F,‘> is a Banach space and G is an (LB)-space, we can apply the closed 
graph theorem [MV, Theorem 24.311 to conclude that the map I o @ is con- 
tinuous. 
Now we apply Grothendieck’s factorization Theorem Meise-Vogt to the lin- 




C’{E;} ---f G, (k E N) 
to conclude that there exists m E N such that @(!‘(F~)) c t’{Ek}. Therefore 
@ : l’(FJ -+ e’{E~} is continuous or, equivalently, the map from F,’ into EL 
given by 
is l-summing. 0 
The following two theorems are our main results. The relevance of hilbertizable 
Frechet spaces for the splitting theorems can be seen in [MV]. We recall that a 
hilbertizable Frechet space is a Frechet space which has a fundamental system 
of seminorms, each of them defined by some semi-scalar product. 
Theorem 6. Let E be a Frechet space. Thefollowing conditions are equivalent: 
(1) E is hilbertizable. 
(2) There is a FrPchet space F containing an isomorphic opy of E such that 
every null sequence in E is contained in the range of some F-valued measure of 
bounded variation. 
(3) There is a Frtchet space F containing an isomorphic opy of E such that 
every compact subset of E is contained in the range of some F-valued measure of 
bounded variation. 
(4) There is a Frechet space F containing an isomorphic opy of E such that 
every bounded subset of E is contained in the range of some F-valued measure of 
bounded variation. 
Proof. (1 + 4) Since E is hilbertizable, we may assume that the completion g 
of the normed space E, is indeed a Hilbert space, for every n E N, [HI. Denote 
by E,” the Banach space of all bounded scalar-valued functions defined on the 
closed unit ball of E,: (that is, the polar set U,‘) and endowed with the supre- 
mum norm. Then define F := ZZE,-. For each n E N we denote by 7r,, the cano- 
nical projection of E into z and by& the linear isometryj, : E 4 E,” given by 
x E &++jn(x) = ((x,x’)),,~~~. 
It is well known that the map 71: x H (nn(x)) of E into ZZE is an isomorphism 
into. Therefore, the mapjr : E + ZZE,M given by 
is also an isomorphism into. Thus E ? F in our notation. 
Take a bounded subset B of E. Fix n E N and let B,, := xR(B). Obviously B, is 
a bounded subset of E,,. Write B, := {bi : i E In} where Z, is a set equipotent 
with B,, and define the linear map T : I?’ (Iti) -+ E by 
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(Uj) ++ C Uibi. 
Since B,, is bounded, T is well-defined and 
IITII 5 sup ll%v 
As E is a Hilbert space, Grothendieck’s theorem tells us that T is l-summing. 
Therefore, there are a Hausdorff compact set K and a positive Bore1 measure p 
defined on K such that the following diagram commutes 
@(Zn) ‘51 LEA E,” 
Sl 1 s3tj 
C(K) 2 L’ (P) 
where Si is an isometry, S, is the canonical injection and I]&]] = rri (T). Since 
S2 is l-summing, so is S&. By [DU, pp. 154-1621, there is a vector measure of 
bounded variation m defined on Be(K), the Bore1 a-algebra in K, with values in 
E,” such that 
&&(f) = fdw 
f 
f E C(K). 
K 
If [ml is the variation measure of m, then by [DU, p. 2631 
iZ(rg(m)) = 
{.I 
fdm: f ELOO(K,Iml), O< f 5 1 . 
K 
Now we apply [DU, p. 2741 and [Ro] to find a vector measure of bounded var- 
iation Fi : C + E,” with rg(F2) = m(rg(m)). In the real case, &&(Bc(~J) is 
clearly contained in the range of FFZ@$(-Z) and, in the complex case, in the 
range ofFr@(-Fz)@i??i@(--im). A y y, n wa we obtain an E,“-valued measure 
of bounded variation, which we still denote by m, such that 
Since Si is an isometry, it follows that 
jn[bi) =jnT(ei) = S3&Sl(ei) E rg(Fz). 
To summarize, we have shown that, given a bounded subset B of E, we can 
obtain a sequence of measures of bounded variation p,, : C c ?(a,,) -+ E,” 
such thatj,r,,(B) c rgt&), for all n E N. By Corollary 2.2, the product measure 
=P” : C + IIEnm = F is also of bounded variation and 
jr(B) = {(_M,@)) : b E B) c ((4 : xn E r&J) = rg(np,). 
(4 + 3) and (3 + 2) are trivial. 
(2 + 1) Let J : E --f F be the corresponding isomorphism into. Without loss 
of generality we may assume that J is the identity map, E is a vector subspace of 
F and the topology of E is generated by the restrictions to E of a fundamental 
system of seminorms (]].]I,) of F. We set, for each n E N, 
27 
N,E := {x E E : llxlln = 0} c N; := {x E F : [lx/In = O}. 
Form 2 n, consider the (well-defined) linear map G$,,,n : E, + F,, given by 
It is clear that II@,,,I) 5 1 and its adjoint @k,, : F,’ + EL is the map 
x’ H X’IE. 
Applying now Proposition 2.5 to E ? F, we get, for every n E N, an integer 
m > n, such that @,‘,,.n is l-summing. Therefore, @A,, factors through a Hilbert 
space and so there exists a Hilbert space 3-t,,, such that 
E2;, 2 E 
s\ /“T. 
7-l m,fl 
Define T : S(E,,,) -+ E,, by T(S(x + Ni)) := x + N,“. Since Ni c Nf, this map 
is well-defined. Moreover, T is continuous, since 
Il%+ + N,))ll, = II4 = Ilx + YII, = II Wx + N,E)II, 
I IlTll IIS@ + N:,ll,,I,n- 
Let tiGn denote the closure (thus also a Hilbert space) of S(E,) in 7&,,,. The 
extension of T : S(E,) + E,,, to ET,,, 
- 
which takes values in E,,, is again 
denoted by T. So, the canonical injection from Fm into Fm can be factorized as 
TS. That is, we have shown that for every n E N there is an integer m > n, such 
that the canonical injection from E?;, into E?;, factors through a Hilbert space. 
By Hollstein, this implies that E is hilbertizable. 0 
Theorem 7. Let E be a FrPchet space. Thefollowing conditions are equivalent: 
(1) E is nuclear. 
(2) Every null sequence in E is contained in the range of some E-valued meas- 
ure of bounded variation. 
(3) Every compact subset of E is contained in the range of some E-valued 
measure of bounded variation. 
(4) Every bounded subset of E is contained in the range of some E-valued 
measure of bounded variation. 
(5) Every bounded subset B of E is contained in the range of some EC-valued 
measure of bounded variation, for some bounded subset C of E with B c C. 
Proof. (1 + 5) Let B be a closed disk of E. By Jarchow, we can find a closed 
disk C containing B such that the canonical inclusion Jsc : EB --f EC is nuclear. 
Therefore, there exists a bounded sequence (un) in (EB)‘, a bounded sequence 
(y,) in EC and a sequence (X,) E !’ such that, for all x E EB, 
28 
and the series converges in EC. The map Jsc can be split into the following 
three linear and continuous maps, that is, JBC = SAT where 
T : EB+P, isgivenby XI--+ T(x) := ((Gx)), 
A : P+t’, isgivenby (Y = (on) H A(a) := (an&), 
S : l’ + EC? is given by cy = (cq H S((Y) := E a,y,. 
n=l 
Since the map A is o(loa, 4!‘)-a(c’, P)- continuous, it follows from the 
Pettis theorem that the measure 
p : P(N) ---f EC, A H 44 = WXA), 
Orlicz- 
is countably additive. Moreover, given a pairwise disjoint family {A 1, . . . , A,} of 
subsets of N, we have 
Hence, p is an &-valued vector measure of bounded variation. 
On the other hand, given a pairwise disjoint family {At, . . . . An} of subsets of 
NandO<al <... 5 o, 5 1, we have, with (~0 = 0, that 
n 
= ic, (ai - Qi-l)P(Uj>iAj) + (1 - %z)P(fl) E co(rg(p)). 
Since simple functions are dense in F’, we conclude 
{SA(a) : a = (a,) E P, 0 5 an 5 1) c a(rg(p)). 
Combining [KK, p. 1281 and [Ro], we obtain another _&-valued measure p of 
bounded variation such that ZZ(rg(p)) = rg(jTi). Therefore SA(Bp) is con- 
tained, in the real case, in the range of p @( ---I) and in the complex case in the 
range of p $( -$ @ ip @( -ip). Anyway, we get an &-valued measure with 
bounded variation, which we still denote F, such that 
sA(&) c rg(F). 
Note that there is M > 0 such that /(u,, x)1 5 M, for all x E B and for all 
12 E fU Hence, 
B C JBC(B) = 
{ 
E &(u,,x)Y~ : x E B 
n=l 1 
C { 5 Xn~,_v, : 1% I M} c rg(MTi). 
n=l 
Since the measure Mp has bounded variation, the implication is proved. 
To see (5 + 4) consider the continuous inclusion of EC into E. The implica- 
tions (4 3 3) and (3 + 2) are trivial. It remains to prove (2 + 1). By Jarchow, 
29 
it is enough to show that EL is nuclear, or equivalently, that for every n E N, 
there is m E N, m > n such that the canonical injection of E,’ into EL is 
l-summing. This follows easily from Proposition 2.5 applied to E ;T” E. 0 
It is worth mentioning that Duchon [D] has proved that, for metrizable locally 
convex spaces, nuclearity is equivalent o that every vector-valued measure is of 
bounded variation. 
Remark. The authors thank the referee for their comments which have im- 
proved the content and readability of this paper. 
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